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Abstract: The theory of the Chi-squared tests has been developed very actively till now, 
especially in accelerated trials. We discuss here some applications of this theory in the 
analysis of parametric accelerated life models (ALM) with time depending covariates 
when data are right censored. 

Keywords: AFT model, Chi-squared test, covariates, Cox model, dielectric breakdown, 
Fisher’s information, random cells, regression models, remission data, right-censored 
data, voltage stress. 

1. Introduction. 

Accelerated life models (ALM) with covariates relate a lifetime distribution to 
explanatory variable. The most used failure time regression models are the Proportional 
Hazards (PH) or Cox model and the Accelerated Failure Times (AFT) model. 

The hazard rate function of the Proportional Hazards model under the stresses 𝑧(∙) 
is expressed as 

𝜆𝑧(∙)(𝑡) = 𝑒𝛽𝑇𝑧(𝑡)𝜆0(𝑡), 
where, 𝛽 = (𝛽0,𝛽1,⋯ ,𝛽𝑚)𝑇 is a vector of unknown regression parameters,  𝑧(∙) =
(𝑧0(∙), 𝑧1(∙),⋯ , 𝑧𝑚(∙))𝑇  is a possibly time-varying and multidimensional explanatory 
variable a comma 𝑧0(∙), 𝑧1(∙),⋯ , 𝑧𝑚(∙) are univariate explanatory variables, and the 
baseline hazard rate function 𝜆0(𝑡) can be known or unknown. The Cox model is 
parametric if 𝜆0(𝑡)  belongs to a specified parametric class of hazard functions 
𝜆(𝑡, 𝛾), 𝛾 ∈ 𝐺 ⊂ 𝑅𝑞 . For example, if the baseline hazard function belongs to the 
Birnbaum-Saunders family, the resulting model is known as the parametric Birnbaum - 
Saunders Cox model: 

𝜆0(𝑡, 𝛾) =  
1
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, 𝛾 = (𝜃, 𝜈)𝑇 . 

The best-known model, which is the mostly used in industries for the analysis of 
failure time regression data, is the AFT model. It may be parametric, non-parametric or 
semi-parametric (for example, see [3], [4], [17], [20]). Under this model the survival 
functions is given by: 

𝑆𝑧(∙)(𝑡) =  𝑆0 ��𝑒−𝛽𝑇𝑧(𝑢)𝑑𝑢
𝑡

0

, 𝛾� , 𝛾 ∈ 𝐺 ⊂ 𝑅𝑞 , (1)  

where, 𝛽 = (𝛽0,𝛽1,⋯ ,𝛽𝑚)𝑇 is a vector of unknown regression parameters,  𝑧(∙) =
(𝑧0(∙), 𝑧1(∙),⋯ , 𝑧𝑚(∙))𝑇  may be a possibly time-varying and multidimensional 
explanatory variable. 

This model is parametric if the baseline survival function 𝑆0  belongs to a 
parametric class of survival functions. If 𝑆0 belongs to a specified shape-scale class of 
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survival function 𝑆0(𝑡) =  𝐺0��𝑡𝜃�
𝜈�, (𝜃, 𝜈 > 0),  we obtain the parameter shape-scale 

AFT model. For example, letting the function 𝐺0 be: 
𝐺0(𝑡) = 𝑒−𝑡 ,   (1 + 𝑡)−1,   1 −  Φ(ln 𝑡), (𝑡 > 0), 

we obtain the families of Weibull, Log-logistic, Log-normal AFT model, respectively (see 
[4], [10], [14], [16], [18]). If the explanatory variables are constant over-time the model 
(1) is written as 

𝑆𝑧(𝑡) =  𝑆0�𝑒−𝛽
𝑇𝑧𝑡, 𝛾�, 𝛾 ∈ 𝐺 ⊂ 𝑅𝑞 , (2)  

and the logarithm of the failure time 𝑇𝑧 under 𝑧 may be written as 
ln{𝑇𝑧} =  𝛽𝑇𝑧 +  𝜖, 

here, the survival function of the random variable 𝜖 which does not depend on 𝑧 is 
𝑆(𝑡) =  𝑆0(ln 𝑡). Note that in the case of the Log-normal failure time distribution, the 
distribution of 𝜖 is normal and we have the standard multiple linear regression model. 

It is evident that in accelerated testing one can use many other interesting models, to 
describe the influence of covariates on the lifetime distribution, such as parametric 
generalized proportional hazards (GPH) models, including parametric frailty and linear 
transformations models, and the cross-effects models (see [20], [4], [5]). 

2. Data and Construction for Chi-squared Type Tests 

Let us consider the hypothesis 𝐻0  that the parametric AFT model (1) under the 
covariates 𝑧(∙) = �𝑧0(∙), 𝑧1(∙),⋯ , 𝑧𝑚(∙)�𝑇 , (𝑧0(𝑡) ≡ 1),  may be a time-dependent, 
function 𝑆0(𝑡)  and belongs to a specified class of survival function 𝑆0(𝑡, 𝛾) ,𝛾 =
(𝛾1, 𝛾2,⋯ , 𝛾𝑞)𝑇 , which does not depend on 𝑧𝑖 . 𝛽 = (𝛽0,𝛽1,⋯ ,𝛽𝑚)𝑇  is a vector of 
unknown regression parameters. Set 𝜃 = (𝛽𝑇 , 𝛾𝑇)𝑇  ∈  𝛩 ⊆ 𝑅𝑠+1, (𝑠 = 𝑚 + 𝑞). 

The hypothesis 𝐻0 can be also formulated in terms of the hazard rate functions 
𝜆�𝑡,𝜃, 𝑧(∙)� =  −𝑆′�𝑡,𝜃,𝑧(∙)�

𝑆�𝑡,𝜃,𝑧(∙)� , or the cumulative hazard functions 𝛬�𝑡,𝜃, 𝑧(∙)� = −𝑙𝑛�𝑆�𝑡,𝜃, 𝑧(∙)��. 
Following Bagdonavičius et al. (see [5], [6], [7]) we shall use chi-squared tests for the 
hypothesis 𝐻0 based on right censored failure time regression data: 

(𝑋1, 𝛿1, 𝑧1(𝑠), 0 ≤ 𝑠 ≤ 𝑋1),⋯ , (𝑋𝑛, 𝛿𝑛, 𝑧𝑛(𝑠), 0 ≤ 𝑠 ≤ 𝑋𝑛), (3)  

where   𝑋𝑖 = 𝑇𝑖 ∧ 𝐶𝑖 ,   𝛿𝑖 = 1{𝑇𝑖 ≤𝐶𝑖},    𝑖 = 1, 2,⋯ ,𝑛, 
𝑇𝑖  and 𝐶𝑖 are failure and censored times, respectively, and 

𝑧𝑖(𝑡) =  (𝑧𝑖0(𝑡), 𝑧𝑖1(𝑡),⋯ , 𝑧𝑖𝑚(𝑡))𝑇 , 𝑧𝑖0(𝑡) ≡ 1, 
are the time-dependent covariates. The random variable 𝛿𝑖 is the indicator of the event 
{𝑇𝑖 ≤ 𝐶𝑖}. Let �̅�𝑖(𝑡),𝑔𝑖(𝑡) be the survival and the density functions of the censoring time 
𝐶𝑖, respectively. Suppose that �̅�𝑖(𝑡) do not depend on 𝜃, set: 

        𝑁𝑖(𝑡) = 1{𝑡 ≥𝑋𝑖,𝛿𝑖=1 }, 𝑌𝑖(𝑡) =  1{𝑡 ≤𝑋𝑖}, (4)  

𝑁(𝑡) =  �𝑁𝑖(𝑡)
𝑛

𝑖=1

,𝑌(𝑡) =  �𝑌𝑖(𝑡)
𝑛

𝑖=1

. (5)  

We note also that the representation (4) gives us the dynamics of the stories of 
failures and censoring up to time t. The very concept of history is well formalized in terms 
of the concept of filtration of a random process (see [2], [14], [1], [8]). Suppose that: 

1) The processes 𝑁𝑖 ,𝑌𝑖 , 𝑧𝑖  are observed up to the finite time 𝜏 of the experiment. 
2) Survival distributions of all 𝑛 objects given 𝑧𝑖 are absolutely continuous with 

the survival functions 𝑆𝑖(𝑡,𝜃) =  𝑆(𝑡,𝜃, 𝑧𝑖)  and the hazard rates 𝜆𝑖(𝑡,𝜃) =
 𝜆(𝑡,𝜃, 𝑧𝑖). 
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3) Censoring is non-informative and the multiplicative intensity model holds: The 
compensators of the counting processes 𝑁𝑖 with respect to the history of the 
observed processes are∫ 𝑌𝑖(𝑢)𝜆𝑖(𝑢,𝜃)𝑑𝑢𝑡

0 . 
In this case, we can give the following expressions for the likelihood function 

𝐿𝑛(𝜃) =  �𝑓𝑖
𝛿𝑖(𝑋𝑖 ,𝜃)𝑆𝑖

𝛿𝑖(𝑋𝑖 ,𝜃)�̅�𝑖
𝛿𝑖(𝑋𝑖)𝑔𝑖

1−𝛿𝑖(𝑋𝑖), 𝜃 ∈  𝛩.
𝑛

𝑖=1

 

Since the problem is to estimate the parameter 𝜃 we can skip the multipliers which 
do not depend on this parameter. Using the relation 𝑓𝑖(𝑡,𝜃) =  𝜆𝑖(𝑡,𝜃)𝑆𝑖(𝑡,𝜃),  the 
likelihood function can be written as 

𝐿𝑛(𝜃) =  �𝜆𝑖
𝛿𝑖(𝑋𝑖 ,𝜃)

𝑛

𝑖=1

𝑆𝑖(𝑋𝑖 ,𝜃), 𝜃 ∈  𝛩, 

and the log-likelihood function is given as 

ℓ(𝜃) =  ��{𝑙𝑛 𝜆𝑖(𝑢,𝜃)𝑑𝑁𝑖(𝑢) −  𝑌𝑖(𝑢)𝜆𝑖(𝑢,𝜃)}𝑑𝑢.
∞

0

𝑛

𝑖=1

 

The log-likelihood function is maximized at the same point as the likelihood 
function. The maximize of the likelihood function 𝐿𝑛(𝜃),𝜃 ∈ 𝛩, is called the maximum 
likelihood estimator (MLE). Let 𝜃�𝑛  be the MLE of 𝜃  under 𝐻0 . If 𝜆𝑖(𝑢,𝜃)  is a 
sufficiently smooth function of the parameter 𝜃 then the MLE 𝜃�𝑛 satisfies the equation 
ℓ̇(𝜃) = 0, where ℓ̇(𝜃) is the score vector. 

ℓ̇(𝜃) =  
𝜕ℓ(𝜃)
𝜕𝜃

=  ��
𝜕
𝜕𝜃

𝑙𝑛𝜆𝑖(𝑢,𝜃)𝑑𝑀𝑖(𝑢)
∞

0

𝑛

𝑖=1

, 

here, 𝑀𝑖(𝑡,𝜃) = 𝑁𝑖(𝑡) −  ∫ 𝑌𝑖(𝑢)𝜆𝑖(𝑢,𝜃)𝑑𝑢𝑡
0 , is the zero mean martingale with respect to 

the filtration generated by the data (4). In our case, the Fisher information matrix of our 
data is 𝐼(𝜃) =  −𝐸𝜃ℓ̈(𝜃) where 

ℓ̈(𝜃) =  �
𝜕2

𝜕𝜃2
𝑙𝑛 𝜆𝑖(𝑋𝑖 ,𝜃)

𝑛

𝑖=1

−  �
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𝜕𝜃2
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𝑛
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. 

Suppose that the matrix 𝑖(𝜃0) =  𝑙𝑖𝑚𝑛→ ∞
𝐼(𝜃0)
𝑛

 exists, where 𝜃0 is the true value of 
parameter 𝜃. 

We now construct the chi-squared tests for the hypothesis 𝐻0: Let subdivide the 
interval [0, 𝜏] into 𝑘 smaller intervals 𝐼𝑗 =  �𝑎𝑗−1, 𝑎𝑗�, 𝑎0 =  0, 𝑎𝑘 = 𝜏 and denote by 

𝑈𝑗 = 𝑁�𝑎𝑗� −  𝑁�𝑎𝑗−1� =  � 𝛿𝑖
𝑖∶𝑋𝑖∈𝐼𝑗

, 𝑗 = 1, 2,⋯ , 𝑘, (6)  

the number of observed failures in the 𝑗𝑡ℎ interval. Under some regularity conditions, the 
equality 

𝐸𝑁𝑖(𝑡) =  𝐸 ��𝜆𝑖(𝑢,𝜃)𝑌𝑖(𝑢)𝑑𝑢
𝑡

0

�, 

holds, where 𝜃 = (𝛽𝑇 , 𝛾𝑇)𝑇  and 𝜆𝑖(𝑡,𝜃) =  𝜆(𝑡,𝜃, 𝑧𝑖)  is the hazard function of 𝑇𝑖  
under 𝑧𝑖. This suggests that we can expect to observe 
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𝑒𝑗 = � � 𝜆𝑖�𝑢,𝜃�𝑛�𝑌𝑖(𝑢)𝑑𝑢

𝑎𝑗

𝑎𝑗−1

𝑛

𝑖=1

, (7)  

failures in the interval 𝐼𝑗. Let us consider the stochastic process 

𝐻𝑛(𝑡) =  
1
√𝑛

�𝑁(𝑡) −  ��𝜆𝑖�𝑢,𝜃�𝑛�𝑌𝑖(𝑢)𝑑𝑢
𝑡

0

𝑛

𝑖=1

�, 

which characterizes the difference between the observed and expected numbers of 
failures. It seems reasonable to base the test of 𝐻0 on the statistics 𝑍 = (𝑍1,𝑍2,⋯ ,𝑍𝑛)𝑇, 
where 

𝑍𝑗 = 𝐻𝑛�𝑎𝑗� −  𝐻𝑛�𝑎𝑗−1� =  
1
√𝑛

�𝑈𝑗 −  𝑒𝑗�, 𝑗 = 1, 2,⋯ , 𝑘. (8)  

3. Chi- squared Type Tests 

To investigate the properties of the statistic 𝑍, we combine the properties of the stochastic 
process 𝐻𝑛(𝑡), 𝑡 > 0 with the well-known properties of the MLE. Suppose that Andersen 
et al. [1] regularity conditions hold. Based on some conditions (see [5], [7], [6], [12]), we 
obtain 

1
𝑛
��𝜆𝑖(𝑢,𝜃0)𝑌𝑖(𝑢)𝑑𝑢

𝑡

0

𝑛

𝑖=1

𝑃
→  𝐴(𝑡),

1
𝑛
��

𝜕
𝜕𝜃

𝜆𝑖(𝑢,𝜃0)𝑌𝑖(𝑢)𝑑𝑢
𝑡

0

𝑛

𝑖=1

𝑃
→ 𝐶(𝑡), 

for 𝑡 ∈ [0, 𝜏] where 𝐴(∙) and 𝐶(∙) are finite functions. The then following hold: 
Lemma: Under the regularity conditions in [1], 

𝐻𝑛
𝑑
→ 𝑉  on  𝐷[0, 𝜏], (9)  

here 𝐷[0, 𝜏]  is space of cadlag functions with Skorokhod metric, 𝑉  is zero mean 
Gaussian martingale such that, for all 0 ≤ 𝑢 ≤ 𝑣 ≤  𝜏 

𝑐𝑜𝑣�𝑉(𝑢),𝑉(𝑣)� =  𝐴(𝑢) −  𝐶𝑇(𝑢)𝑖−1(𝜃0)𝐶(𝑣). 
To construct the test, we need some notation. For 𝑖 = 0, 1,⋯ , 𝑠;   𝑗, 𝑗′ = 1, 2,⋯ , 𝑘, set 

𝑉𝑗 = 𝑉�𝑎𝑗� − 𝑉�𝑎𝑗−1�, 𝜎𝑗𝑗′ = 𝑐𝑜𝑣�𝑉𝑗 ,𝑉𝑗′�,   𝒜𝑗 = 𝐴�𝑎𝑗� −  𝐴�𝑎𝑗−1�, 
𝐶𝑙𝑗 = 𝐶𝑙�𝑎𝑗� −  𝐶𝑙�𝑎𝑗−1�,𝒞𝑗 = �𝐶0𝑗 ,𝐶1𝑗,⋯ ,𝐶𝑠𝑗�

𝑇 ,𝛴 =  �𝜎𝑗𝑗′�𝑘×𝑘
,𝒞 =  �𝐶𝑙𝑗�(𝑠+1)×𝑘

, 
and denote by 𝒜 a 𝑘 × 𝑘 diagonal matrix with the diagonal elements 𝒜1,𝒜2,⋯ ,𝒜𝑘 . 
From this lemma one can show that under some conditions of regularity (see [1]), 

𝑍 
𝑑
→  𝑌 ~ 𝑁𝑘(0, Σ), where, Σ =  𝒜 −  𝒞𝑇𝑖−1(𝜃0)𝒞, as 𝑛 →  ∞. (10)  

The formula 
𝛴− =  𝒜−1 + 𝒜−1𝒞𝑇𝐺−𝒞𝒜−1, with 𝐺 = 𝑖 −  𝒞 𝒜−1𝒞𝑇, 

implies that it is necessary to find the inverse of the diagonal 𝑘 × 𝑘 matrix 𝒜 and the 
general inverse of the 𝑠 × 𝑠 matrix 𝐺. It is easy to show that under regularity conditions, 
the following estimators of 𝒜𝑗, 𝒞𝑗 ,𝛴 and 𝑖(𝜃0) are consistent 

�̂�𝑗 =  
𝑈𝑗
𝑛

, �̂�𝑗 =  
1
𝑛
� �

𝜕𝑙𝑛𝜆𝑖(𝑢,𝜃�𝑛)
𝜕𝜃

𝑎𝑗

𝑎𝑗−1

𝑑𝑁𝑖(𝑢)
𝑛

𝑖=1

, 𝛴� =  �̂� − �̂�𝑇𝚤̂−1�̂�  (11)  

and 
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𝚤̂ =  
1
𝑛
��

𝜕 𝑙𝑛 𝜆𝑖�𝑢,𝜃�𝑛�
𝜕𝜃

�
𝜕 𝑙𝑛 𝜆𝑖�𝑢,𝜃�𝑛�

𝜕𝜃
�
𝑇

𝑑𝑁𝑖(𝑢)
𝜏

0

𝑛

𝑖=1

, (12)  

4. Test Statistic. 

Using the properties (6) - (12), we can construct a test for the hypothesis 𝐻0 based on the 
statistic 𝑌2 = 𝑍𝑇𝛴�−𝑍, where 

𝛴�− = �̂�−1 + �̂�−1�̂�𝑇𝐺�−�̂��̂�−1, 𝐺� = 𝚤̂ − �̂� �̂�−1�̂�𝑇 . 
This statistic should be written as 

𝑌2 =  �
�𝑈𝑗 −  𝑒𝑗�

2

𝑛

𝑘

𝑗=1

+  𝑄, (13)  

where 

𝑈𝑗 =  � 𝛿𝑖
𝑖:𝑋𝑖∈𝐼𝑗

;    𝑄 = 𝑊�  𝐺�− 𝑊� ;   𝑊� = (𝑊0,𝑊1,⋯ ,𝑊𝑠)𝑇 ,𝑊𝑙 =  ��̂�𝑙𝑗�̂�𝑗
−1𝑍𝑗

𝑘

𝑗=1

, (14)  

�̂�𝑙𝑗 =  
1
𝑛
� 𝛿𝑖

𝜕 𝑙𝑛 𝜆𝑖(𝑋𝑖 ,𝜃�𝑛)
𝜕𝜃

𝑖∶𝑋𝑖∈𝐼𝑗

, 𝚤̂𝑙𝑙′ =  
1
𝑛
�𝛿𝑖

𝜕 𝑙𝑛 𝜆𝑖(𝑋𝑖 ,𝜃�𝑛)
𝜕𝜃𝑙

𝜕 𝑙𝑛 𝜆𝑖(𝑋𝑖 ,𝜃�𝑛)
𝜕𝜃𝑙′

𝑛

𝑖=1

, (15)  

𝐺� =  [𝑔�𝑙𝑙′]𝑠×𝑠,𝑔�𝑙𝑙′ = 𝚤̂𝑙𝑙 −  ��̂�𝑙𝑗�̂�𝑙′𝑗𝒜𝑗
−1

𝑘

𝑗=1

, 𝑙, 𝑙′ = 0, 1,⋯ , 𝑠, (16)  

(see, for example [19], [22], [24], [23]). Under 𝐻0 the limit distribution of 𝑌2is chi-
square with 𝑟 = 𝑟𝑎𝑛𝑘(𝛴−) = 𝑇𝑟(𝛴𝛴−) degrees of freedom. If the matrix 𝐺 is non-
degenerate, then 𝑟 = 𝑘. 

Remark 1 ( On choosing random grouping intervals). In accelerated life testing, a usual 
experimental plan is to test several groups of units under different higher stress conditions. 
In such an experiment, it is possible that the failures of units from different groups are 
mostly concentrated in different non-intersecting intervals. Using the common idea of 
constructing a chi-squared test by dividing the interval [0, 𝜏) into smaller intervals and 
comparing observed and expected numbers of failures, the choice of the endpoints of the 
intervals is very important because dividing into intervals of equal length may give 
intervals where the numbers of observed failures are zero or very small. 

Consider choosing the limits of the grouping intervals as random data functions and 
define 

𝐸𝑘 =  ��𝜆𝑖�𝑢,𝜃�𝑛�𝑌𝑖(𝑢)𝑑𝑢
𝜏

0

𝑛

𝑖=1

=  �𝛬𝑖(𝑋𝑖 ,𝜃�𝑛)
𝑛

𝑖=1

,𝐸𝑘 =  
𝑗
𝑘

 𝐸𝑘 , 𝑗 = 1, 2,⋯ , 𝑘. (17)  

So we seek 𝑎�𝑗 to have equal numbers of expected failures (not necessary an integer) 
in all intervals. So 𝑎�𝑗 satisfy the equalities 

𝑔�𝑎�𝑗� =  𝐸𝑗 , with 𝑔(𝑎) =  ∑ ∫ 𝜆𝑖�𝑢,𝜃�𝑛�
𝑎
0

𝑛
𝑖=1 𝑌𝑖(𝑢)𝑑𝑢. 

Denote by 𝑋(1),𝑋(2),⋯ ,𝑋(𝑛) the ordered sample from 𝑋1,𝑋2,⋯ ,𝑋𝑛. The function 

𝑔(𝑎) =  �𝛬𝑖(𝑋𝑖𝛬 𝑎,𝜃�𝑛)
𝑛

𝑖=1

=  ���𝛬(𝑙)�𝑎,𝜃�𝑛�
𝑛

𝑙=𝑖

+ �𝛬(𝑙)�𝑋(𝑙),𝜃�𝑛�
𝑖−1

𝑙=1

 �
𝑛

𝑖=1

1�𝑋(𝑖−1);𝑋(𝑖)�
(𝑎), 
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is continuous and increasing on [0, 𝜏) (here 𝑋(0) = 0). We understand that ∑ 𝑐𝑙 =0
𝑙=1

0. Set 

𝑏𝑖 =  � 𝛬(𝑙)(𝑋(𝑖),𝜃�𝑛)
𝑛

𝑙=𝑖+1

+  �𝛬(𝑙)(𝑋(𝑙),𝜃�𝑛)
𝑖

𝑙=1

. (18)  

If 𝑏𝑖−1  ≤ 𝐸𝑗 ≤ 𝑏𝑖  then 𝑎�𝑗 is the unique solution of the equation 

�𝛬(𝑙)

𝑛

𝑙=𝑖

�𝑎�𝑗 ,𝜃�𝑛� +  �𝛬(𝑋(𝑙),𝜃�𝑛)
𝑖−1

𝑙=1

= 𝐸𝑗 . (19)  

We have 0 < 𝑎�1 <  𝑎�2 ⋯ <  𝑎�𝑘 =  𝜏. Under this choice of the intervals 𝑒𝑗 =  𝐸𝑘𝑘  for 
any j. 
Remark 2: One can verify under regularity conditions and a random choice of the 
endpoints of grouping intervals, that the limit distribution of the statistic 𝑌2 is chi-
squared with 𝑟 degrees of freedom. So the hypothesis 𝐻0 is rejected with approximate 
significance level 𝛼 if 𝑌2 >  𝜒𝛼2(𝑟), the statistic 𝑌2 is computed using the formulas 
(13) - (16), replacing 𝑎𝑗 by 𝑎�𝑗 in all formulas and taking. 

𝑒1 = 𝑒2 =  ⋯ = 𝑒𝑘 =  
1
𝑘
�𝛬(𝑋𝑖 ,𝜃�𝑛, 𝑧𝑖)
𝑛

𝑖=1

. 

Example: (Chi-squared test for Exponential AFT model). We consider the exponential 
AFT model written in terms of the hazard functions 

𝐻0 ∶    𝜆𝑖�𝑡,𝛽, 𝑧𝑖(∙)� =  
𝑒−𝛽𝑇𝑧𝑖(𝑡)

𝜃
 , 𝜃 > 0, 𝑖 = 1, 2,⋯ ,𝑛, 

here 𝛽 = (𝛽0,𝛽1,𝛽2 ⋯ ,𝛽𝑚)𝑇, 𝑧(∙) = �𝑧0(∙), 𝑧1(∙), 𝑧2(∙),⋯ , 𝑧𝑚(∙)�𝑇 , 𝑧0(𝑡) ≡ 1. 
The parameter 𝜃 can be included in the coefficient 𝛽0, so the hypothesis 𝐻0 can 

be written as follow 
H0
′ : 𝜆𝑖�𝑡,𝛽, 𝑧𝑖(∙)� =  𝑒−𝛽𝑇𝑧𝑖(𝑡), 𝑖 = 1, 2,⋯ ,𝑛. 

Note that for exponential model, this is usually the case. This issue was considered 
for instance in [21]. The MLE �̂� of 𝛽 maximizes the log-likelihood function 

ℓ(𝛽) =  −��𝛿𝑖𝛽𝑇𝑧𝑖(𝑋𝑖) + � 𝑒−𝛽𝑇𝑧𝑖(𝑢)𝑑𝑢

𝑋𝑖

0

� .
𝑛

𝑖=1

 

The limits 𝑎�𝑗 are found using the formulas (17) - (19) with 

𝛬𝑖�𝑡, �̂�� =  �𝑒−𝛽𝑇𝑧𝑖(𝑢)𝑑𝑢
𝑡

0

. 

By (15) the quantities 𝚤�̂�𝑙′  and �̂�𝑙𝑗 are 

𝚤�̂�𝑙′ =  
1
𝑛
�𝛿𝑖𝑧𝑖𝑙(𝑋𝑖)𝑧𝑖𝑙′(𝑋𝑖)
𝑛

𝑖=1

, �̂�𝑙𝑗 =  
1
𝑛
� 𝛿𝑖𝑧𝑖𝑙(𝑋𝑖)

𝑖:𝑋𝑖∈𝐼𝑗

, 𝑙, 𝑙′ =  0, 1,⋯ ,𝑚. 

If 𝑧𝑖 are constant over time then the hypothesis 𝐻0 should be written as 
𝐻0: 𝜆𝑖(𝑡,𝛽, 𝑧𝑖) =  𝑒−𝛽𝑇𝑧𝑖 , 𝑖 = 1, 2,⋯ ,𝑛. 

The log-likelihood function is 

ℓ(𝛽) =  −  ��𝛿𝑖𝛽𝑇𝑧𝑖 + 𝑒−𝛽𝑇𝑧𝑖𝑋𝑖�.
𝑛

𝑖=1

 



 On Chi-Squared Testing in Accelerated Trials 59 
 

Set 

𝑏𝑖 = 𝑋(𝑖) � 𝑒−𝛽�
𝑇𝑧(𝑙)

𝑛

𝑙=𝑖+1

+ �𝑒−𝛽�
𝑇𝑧(𝑙)𝑋(𝑙)

𝑖

𝑙=1

, 𝐸𝑗 =  
𝑗
𝑘
�𝑒−𝛽�𝑇𝑧𝑖𝑋𝑖

𝑛

𝑖=1

, 𝑗 = 1, 2,⋯ , 𝑘, 

denote by 𝑖𝑗 the minimal integer number verifying the inequalities 𝐸𝑗 ∈ [𝑏𝑖−1, 𝑏𝑖] then  

𝑎�𝑗 =  
𝐸𝑗− ∑ 𝑒−𝛽

�𝑇𝑧(𝑙)𝑋(𝑙)
𝑖−1
𝑙=1

∑ 𝑒−𝛽
�𝑇𝑧(𝑙)𝑛

𝑙=𝑖

,    𝑗 = 1, 2,⋯ , 𝑘 − 1,     𝑎𝑘 = 𝑋(𝑛). 

Set 𝐺� =  [𝑔�𝑙𝑙′](𝑚+1)×(𝑚+1), 𝑊� = (𝑊0,𝑊1,⋯ ,𝑊𝑚)𝑇 , where 

𝑔�𝑙𝑙′ = 𝚤̂𝑙𝑙′ −  ��̂�𝑙𝑗�̂�𝑙′𝑗�̂�𝑗
−1

𝑘

𝑗=1

,   𝑊𝑙 =  ��̂�𝑙𝑗�̂�𝑗
−1𝑍𝑗

𝑘

𝑗=1

, 𝑙, 𝑙′ =  0, 1,⋯ ,𝑚, 

respectively. Note that, 𝑔�0𝑙′ = 1
𝑛
∑ 𝛿𝑖𝑧𝑖𝑙′𝑛
𝑖=1 − 1

𝑛
∑ 𝑈𝑗

𝑛
𝛿𝑖𝑧𝑖𝑙′ 

𝑛
𝑈𝑗

𝑛
𝑖=1 = 0, 𝑙′ = 0, 1,⋯ ,𝑚. 

Thus, the matrix 𝐺� ranks 𝑚, the matrix 𝛴 ranks (k-1). The chi-squared test 
statistics is (13). The limit distribution of the statistic 𝑌2 is chi-square with (k-1) degrees 
of freedom. The hypothesis 𝐻0 is rejected with approximated significance level 𝛼 if 
𝑌2 >  𝜒𝛼2(𝑘 − 1). 

Example 1: Mylar-Polyurethane data 

We use the data of Kalkanis and Rosso [13], the table below gives the time to dielectric 
breakdown of units tested at 100.3, 122.4, 157.1, 219.0, and 361.4kV/mm of voltages. 

Voltage stress 
kV/mm Time to dielectric breakdown of units tested 

100.3 606, 1012, 2520, 2610, 3988, 4100, 5025, 6842. 
122.4 188, 297, 405, 744, 1218, 1340, 1715, 3382. 
157.1 49, 99, 154.5, 180, 291, 447, 510, 600, 1656, 1721. 
219.0 15, 16, 36, 50, 55, 95, 122, 129, 625, 700. 
361.4 0.10, 0.33, 0.50, 0.90, 1.00, 1.55, 1.65, 2.10, 4.00. 

The purpose of this experiment was to evaluate the reliability of the insulating 
structure and to estimate the life distribution at system design voltages. Meeker [16] 
showed that the failures occur much sooner at the high voltage stress. Especially at 
361.4kV/mm of voltage stress, the correlation of the log life and the log voltage seems to 
be approximately linear. Using graphical and likelihood methods, Meeker [16] noticed 
also that these data get on well with the Log-normal power-rule AFT model. We examine 
next the hypothesis 𝐻0 that the above data belong to the exponential power-rule AFT 
model. 

Choose k=8 intervals. Using the statistics software R, the MLE’s are �̂�0 = 33.5823, 
�̂�1 = −5.4141, and intermediate results are given in the following table: 

ˆ ja  24.665 82.174 180.723 320.388 469.432 642.307 1334.210 6842.0 

jU  12 4 6 3 2 4 4 11 

jZ  0.921 -0.258 0.036 -0.405 -0.552 -0.258 -0.258 0.774 

𝑒𝑗 = 5.75, 𝚤2̂2 =  27.1265, 𝑊1 =  −0.5741, 𝑄 = 8.88135, 

∑ �𝑈𝑗− 𝑒𝑗�
2

𝑛
𝑘
𝑗=1 = 17.62027, and 𝑌2 = 26.50162. 
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The p-value is 4.095.10-4. Thus, the test is strongly rejected. Similarly, for the 
Weibull power-rule AFT model, we obtain �̂�0 = 34.5445, �̂�1 = −5.631, 𝜎� = 1.2574, 
𝑌2 = 20.47723, and the p-value is 𝑝𝑣 = 𝑃{𝜒72 > 20.47723}  ≅ 0.004. We conclude 
that the time to dielectric breakdown of units with one covariate (voltage) does not 
conform to the Weibull power-rule AFT model. The analyses of the Mylar-Polyurethane 
data give the following result. The data reject both the Weibull and Exponential power-
rule AFT model, especially the Exponential power-rule AFT one. 

Example 2: Electric Insulating Fluid data 

Nelson [18] gives the failure times of 76 electric insulating fluid tested at voltage ranging 
from 26 to 38 kilovolts (kV). This experiment was set long times enough to observe the 
failures of all items. The voltage levels 𝑣𝑖, the numbers of items tested under the same 
voltage level, and the failure times are given in the following table. 

𝑣𝑖(kV) Frequency Failure times Ti 
26 3 5.79, 1579.52, 2323.7 
28 5 68.85, 426.07, 110.29, 108.29, 1067.6 
30 11 17.05, 22.66, 21.02, 175.88, 139.07, 144.12, 20.46, 43.40, 

194.90, 47.30, 7.74 
32 15 0.40, 82.85, 9.88, 89.29, 215.10, 2.75, 0.79, 15.93, 3.91, 

0.27, 0.69, 100.58, 27.80, 13.95, 53.2 
34 19 0.96, 4.15, 0.19, 0.78, 8.01, 31.75, 7.35, 6.50, 8.27, 33.91, 

32.52, 3.16, 4.85, 2.78, 4.67, 1.31, 12.06, 36.71, 72.89 
36 15 1.97, 0.59, 2.58, 1.69, 2.71, 25.50, 0.35, 0.99, 3.99, 3.67, 

2.07, 0.96, 5.35, 2.90, 13.77 
38 8 0.47, 0.73, 1.40, 0.74, 0.39, 1.13, 0.09, 2.38. 

Lawless [14] suggested the Weibull power-rule AFT model by using the parametric 
methods based on log-likelihood ratios to verify separately Weibull and power rule 
assumptions of the model. Following Bagdonavičius et al. [5], we concluded that the data 
are in concordance with the Weibull power rule AFT model. Next, we apply the chi-
squared tests for Exponential power-rule AFT model at level 0.05a = . 

Using the statistical software R, we find the MLE: �̂�0 = 64.9114,𝛽1 = −17.7039. 
Choose k = 8 intervals, the intermediate results given in the following table showed that 
the lengths of the random cells (𝑎�𝑗−1, 𝑎�𝑗] are very different. 

𝑎�𝑗 1.179 3.729 9.418 18.010 29.746 58.662 131.566 2323.7 
𝑈𝑗 17 13 12 6 5 7 7 9 
𝑍𝑗 0.860 0.401 0.286 -0.401 -0.516 -0.286 -0.286 -0.057 
𝐶1𝑗 -0.797 -0.611 -0.552 -0.275 -0.227 -0.322 -0.315 -0.398 

We have 𝑒𝑗 = 9.5,𝑊2 =  −0.1516, 𝑖22 = 12.2307. There is only one covariate, so 
the matrix 𝐺� has dimension 1. We have 𝐺� = 0.00446,𝑋2 = 12.677, 𝑄 = 5.1555,𝑌2 =
17.832, and 𝑝𝑣0.05 = 𝑃{𝜒72 > 17.832} = 0.0128 . It follows from this that the data 
contradict the hypothesis that the Exponential power-rule AFT model. 

Example 3: Remission Data 

The data below give the remission times (in weeks) of 42 patients with acute leukemia. 
These data weres reported by Freireich et al. [9] in a clinical trial undertaken to assess the 
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ability of 6-mercaptopurine (6-MP) to maintain remission. Each patient was randomized 
to receive 6-MP or a placebo. The study ended after one year. Starred observations are 
censoring times. 

6-MP (21 patients): 
6, 6, 6, 7, 10, 13, 16, 22, 23, 6*, 9*, 10*, 11*, 17*, 19*, 20*, 25*, 32*, 32*, 34*, 35*. 
Placebo (21 patients): 
1, 1, 2, 2, 3, 4, 4, 5, 5, 8, 8, 8, 8, 11, 11, 12, 12, 15, 17, 22, 23. 
The data include 30 observations and 12 censored times. Lee [15] concluded that the 

rates of relapse from remission are strongly difference in the two groups (6-MP and 
placebo). It is necessary to find a model which fits the data better. First, we shall test the 
Exponential AFT model. Using statistical software R, with 6 sub-intervals, we compute 
the MLE’s of the parameters: �̂�0 = 2.5843, �̂�1 =  −0.6434, and 

𝑎�𝑗 2.057 4.382 7.151 10.852 16.929 35.0 
𝑈𝑗 4 3 6 5 7 5 
𝑍𝑗 -0.630 -0.785 -0.322 -0.476 -0.168 -0.476 
𝐶1𝑗 -0.066 -0.049 -0.033 -0.066 -0.082 -0.049 

The matrix G� is degenerate and 𝑔22 = 0.05447, 𝑒𝑗 = 8.0888,𝑊1 = 1.60174. 
The Fisher information matrix is 

𝚤̂ =  �0.7142 0.3465
0.3465 0.2402�. 

We also obtain 𝑄 = 47.0983,𝑋2 = 17.5243 , and the value of test statistic is 
𝑌2 = 64.6226. It is evident that the exponential AFT model is strongly rejected. 

Note that for the same data, we accept the parametric Birnbaum-Saunders Cox 
model with the value of NRR statistics is 𝑌2 = 11.2903  and the p-value at level 
significance 0.05 is 𝑝𝑣0.05 = 𝑃{𝜒62 > 11.2903}  ≅ 0.079808. 

Acknowledgments: The authors are grateful to Professor Krishna B. Misra, Professor 
Jean-Francois Dupuy, and the referees for their valuable comments and suggestions that 
helped us much in improving the presentation. 
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